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A s y s t e m  of d i f ferent ia l  equations is given for  the heat t r a n s f e r  in the flow of a liquid al loy 
in the channels in cas t ing  sand, and a fo rmula  is der ived for  the t e m p e r a t u r e  of the al loy 
at any given point at an a r b i t r a r y  instant .  

T h e r e  is cons iderable  impor tance  in the laws of heat t r a n s f e r  for  flowing liquid meta l s ,  including 
meta l lu rgy  and cas t ing .  When a liquid al loy flows in a mold, the t e m p e r a t u r e  changes ,  and this can affect  
the quality of the cas t ing .  We have examined analyt ical ly  the t e m p e r a t u r e  change during flow in r ec tangu la r  
channels  in sand molds ,  which have low values  for  heat  uptake.  

To  ensu re  that the mold is p r o p e r l y  fi l led,  the filling is often organized  so that no c rys t a l l i za t ion  oc -  
curs  during the flow; the re fo re ,  we cons ider  the heat t r a n s f e r  f r o m  a liquid supe rhea t ed  al loy ( t empera tu re  
above the liquidus point).  

We consider  a p l ane -pa r a l l e l  channel (Fig. 1). The mean- in teg ra l  t e m p e r a t u r e  over  the c r o s s - s e c -  
tion is tl, which is a function of the coordinate  x and the t ime  "r, i .e . ,  t 1 = ~v(x; T); to desc r ibe  the heat t r a n s -  
f e r  in the flow we have the equation 

Oh or, ~z (6 - -  t )~ 

Ox O~ qp, R 

Here  F / P  = R, because  the width of the channel cons iderab ly  exceeds  the th ickness .  

The heat t r a n s f e r  to a wall  e lement  occurs  by t h e r m a l  conduction; the t h e r m a l  conductivity of the 
cast ing sand is v e r y  smal l ,  so longitudinal heat t r a n s f e r  in the mold wall  is neglected,  and so we use  
F o u r i e r ' s  equation 

Ot 2 02t2 
- -  a 2 ( 2 ) .  

O~ 092 

The boundary and initial conditions a r e  as follows; Eqs.  (1) and (2) a r e  meaningful  for  r _> x /w,  and if 

"r ~ O,thenx : ~t"st a and t~ to, (3) 

s ince the flow has  r eached  only a ce r ta in  point at the given instant,  and the t e m p e r a t u r e  there  s t i l l  r e ta ins  
its initial  value.  If  

X = 0  ( inlet ), then t 1 = tin. (4) 

The boundary  conditions a r e  of the f o r m  

( ~ (51 
~, Oy /g=R 

I @ / y = ~  = 0 (6) 

In wri t ing  (6) we have taken into account the following fea ture :  in cast ing,  the wall  of the mold is thick, and 
the ma te r i a l  is of low conductivity,  so  the wall  may be cons idered  as semiinf ini te  in th ickness .  
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Fig .  1. The  channel .  

and 

We introduce the new d imens ion les s  va r i ab l e s  

~ZX 

clp 1 wR'  

O~ 

c2P@R (wxst a - -  x) 

r = v/R. 

Then f r o m  (7) and (8) we get  that 

Ot~ = Ot___L" o; Ot~ 

Ox O~ ClplWR O'q 

! Ot 1 Ot 1 a 
O~ O~ c@~R 

We subs t i tu te  (10) and ( l l ) . in to  (1) to get  a f t e r  t r a n s f o r m a t i o n  that 
Oil = - ). 

Then  (12) contains  only the de r iva t ive  ~ t / 8 ~ .  

Equat ions  (2)-(6) take the following f o r m  in the new var iab les :  

O~ aR Or ~ ' 

~q : O, t z---to, 

= O, t l = tin:, 
z ,  ( ot,  

~-r/~=~----- O. 

c#2wR ' 

(7) 

(s) 

(9) 

(io) 

(11) 

(12) 

{13) 

(14) 

(is) 

(is) 

(17) 

The  solut ion to (12)-(17) is sought  by  the method of in tegra l  Lap lace  t r a n s f o r m s  appl ied to each equa-  
t ion,  and the r e s u l t  is wr i t t en  in the following fo rm:  

0o 

L it2 (~; ~; r)] = .f t2 exp (-- sQ d~] = F 2 (s; ~; r), (18) 
0 

It1 (~; 7)1 = j" tl exp (-- s~q) d~q = F 1 (s; ~), (19) L 
0 

OFx (F 1 - -  F . ) ,  (20) 
o~ 

sF a - -  t~ (~q == O) 2~z d'zF~ (21) 
~zR dr 2'  

~q = O, F~ = to/s , 

= O, F 1 = tin~S, (22) 

) (T)r:, 

-~r ],=| 0. 

The  solut ion  to (19) with (14) and 123) is 

F.---- t~__os + Azexp [ - -  1/'-a--Rs-rv ~. ]. (24) 

At the m e t a l -  mold  in te r face  (r = 1), we have f r o m  (24) that 
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F2'~ = t-2-~ + A2 exp [ - -  (zRs)~2 " (2s) 

We solve  (22) with (24) and (25) f o r  F 1 to get 

s ;L2 - ~  +1 . 

Also ,  in (24)-(26), A 2 = ~0(s, ~). 

We d i f f e ren t i a t e  (26) with r e s p e c t  to ~: 

dF 1 dA 2 o~Rs 

(26) 

(27) 

w e  so lve  (18) with (25) and (27) fo r  A 2 to get  

V" }~s 
In A 2 = - -  czR (28) 

1 + I/ c~R 

We get the  e x p r e s s i o n  fo r  the a r b i t r a r y  constant  C f r o m  (28) with ~ = 0o We get  the value  fo r  A2(0 ) f r o m  
(26) with (21), and the r e s u l t  is 

(tin - -  to) exp 
& = 1 + g~s-jT-dg 

(29) 
~gs 

We subs t i tu te  (29) into (26) to get  the fol lowing e x p r e s s i o n  fo r  the a l loy  t e m p e r a t u r e .  

F1 = t_o q_ (ti n --to) exp , - = - - - -  . (30) 

s s 1 +  v ~-R 

Equat ion  (30) may  be put  in the f o r m  

F1 = t__qo + (tin - -  to) [exp (-- g)] exp . 1 / ) -  ~ -  " - (31) 
s s . 1 q_ V . ~ _  

Cas t ing  ehan~eIs  a r e  usua l ly  sho r t ,  so  the combina t ion  ~ - (ax /e lPtwR)  is l e s s  than 1, and then to a 
high d e g r e e  of a c e u r a e y  we e a n r e p l a e e  exp(g/(1 + v~2s /aR) )  by  (1 + (~/(1 + ~/;~2s/att))); the a p p r o x i m a t e  ex -  
p r e s s i o n  fo r  the a l loy  t e m p e r a t u r e  in t r a n s f o r m  s ty le  is then 

s s 1 - k V  aR 

The  i n v e r s e  t r a n s f o r m  is p e r f o r m e d  via  tab les  [1], which give the fol lowing f o r m u l a  fo r  the t e m p e r a t u r e  
of the moving a l loy:  

t l = t o q - ( t . i n - - t o ) e x p ( ' ~ ) { 1 - - ~ [ 1 - - e x p (  aR~l ~ ] -~-~l )J} .  

Then  the meanings  of ~ and ~ a r e  g iven by (7) and (8), which means  that  

(33) 

t i = / o  §  r II1 
\ qPlwR/(  + 

~x [ 1 -  exp (cx2 (WTsta- x))erfc V / a2 (w--~-~ta~ x-)- ]} (34) 
qPlWR c 2 p2;L~ w co P~;~2 w " 
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Equation (34) is s t r i c t l y  c o r r e c t  if the h e a t - t r a n s f e r  coefficient is constant;  in fact ,  the heat t r an s f e r  is of 
t r ans ien t  type,  but expe r imen ta l  evidence on the t r an s f e r  under such c i r cums tances  shows that the t e m p e r a -  
tu re  at the in te r face  r i s e s  a lmos t  instantaneously f r o m  the initial value to some  value approaching that in 
the body of the al loy as the front  advances ,  with only ve ry  slow subsequent change. At any given point in a 
channel,  the al loy t e m p e r a t u r e  and the su r face  t e m p e r a t u r e  of the wall  r i s e  s lowly as t ime pa s se s  (a few 
deg rees  a second),  so the p r o c e s s  is nea r ly  s t eady - s t a t e ,  except for  the initial instance nea r  ~? = 0. To ob-  
tain c o r r e c t  r e su l t s ,  one has to use exper imenta l ly  m e a s u r e d  values for  the h e a t - t r a n s f e r  coefficient ,  which 
effect ively  takes into account the above f ea tu re s .  We have [2] der ived the following fo rmula  for  the t e m -  
p e r a t u r e  at the end of the al loy flow: 

t 1 ~ to + (tin - -  to) exp ( - -  albm'~a ) (3S) 
(0~ + b~) ~,o,a , 

We get an analogous fo rmula  f r o m  (34) by putting x = WTst a (end of flow) : 

q = to + (tin --  to) exp ( - -  CZrsta -/ .  
q P I R  } 

Equations (35) and (36) coincide if in (34) we put 

To  calcula te  oL t we have [3] the fo rmula  

Fo r  a luminum al loys ,  k = 0.033, n = 0.82. 

(36) 

bm+ ba 
bm %. (37) 

k~f ).~ (38) Cr ~ n al  R ( i -n)"  

To use (34) we should employ a h e a t - t r a n s f e r  coefficient calculated f r o m  (37) and (38). 

We can s impl i fy  (34) for  p rac t i ca l  calculat ions;  the quantity ~/a2(WTsta-X)/C2p2),2w is fa i r ly  l a rge  for  
an a l loy flowing in a sand mold (substantial ly more  than 10) if ~'sta >> x /w,  and for  l a rge  values  of the a r g u -  
ment ,  one can expand the function er ic  as the following s e r i e s  [1]: 

1 exp(_u~) [ 1 1 1.3 1.3.5 ] (39) 
e r f c u =  V~- u 2u ~ + 22u s 23u 7 ~ " '"  " 

As u = ~/a2(WTsta-X)/CaP2X2w is l a rge ,  we take only the f i r s t  t e r m  in the b racke t s  in (39), and (34) then b e -  
comes  

clp 1 wR cxpl wR V z  ~ (w,st ~ - -  x) 

This  equation is not c o r r e c t  for  the end of the flow; here  one should use (36). A study of (40) and the equa-  
t ion for  dt l /dx shows that the al loy t e m p e r a t u r e  d e c r e a s e s  as x i nc rea se s  but i nc reases  with r s t a ,  which 
co r re sponds  to the physical  e s sence  of the phenomenon.  The following is a p rac t i ca l  calculat ion.  The mold 
cavi ty  en ters  through an inlet channel,  and the t e m p e r a t u r e  at the exit f r o m  that channel i nc rea se s  con-  
t inuously;  if that t e m p e r a t u r e  has r i s en  cons iderably  by  the end of the cast ing,  then the pa r t  of the cast ing 
adjoining the inlet channel will  show shr inkage  defects  (porosity).  F o r  p r ac t i ca l  pu rposes  it is des i r ab le  
to know the t e m p e r a t u r e  at that point at the end of cast ing,  and a l so  have p rope r  methods of reducing it. 
Consider  the t e m p e r a t u r e  at the exit f r o m  the cast ing channel into the mold for  AL4 a luminum al loy.  
The init ial  data a re :  tin = 923~ R = 0.005 m,  x = 0.3 m, ct = 1050 J / k g  .deg,  Pt = 2350 k g / m  3, )~t = 62.8 W 
/ m  .deg,  a t = 2.5 �9 10 -5 mZ/sec ,  w = 1.1 m / s e c ,  r s t  a = 30 sec ,  b m = 1214 W . s e c l / 2 / m  2 .deg,  b a = 12,448 W 
�9 s e c t / 2 / m  2 �9 deg. 

F r o m  (37) and (38) we get o~ = 2977.6 W / m  2 .deg; we subst i tute  the values  into (40) to get that the t e m -  
p e r a t u r e  at the end of cast ing has  r i s en  at the end of the inlet channel to 989~ if in (36) we rep lace  r s t  a by 
x /w = 0.3/1.1 = 0.27, we get the t e m p e r a t u r e  in a given sect ion at the moment  of entry  of the al loy,  which 
is 949~ so the r i s e  during cast ing is 40", which is hazardous  for  the above r e a s o n s .  We see f r o m  (40) 
that  the t e m p e r a t u r e  r i s e  can be reduced  by increas ing  the al loy flow speed,  reducing the pouring t ime,  or  
d is t r ibut ing the alloy to the mold through s e v e r a l  inlets .  
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N O T A T I O N  

is the specific heat of liquid alloy, J/kg .deg; 
~s the density of alloy, kg/m~; 
is the heat transfer coefficient, W/m 2 .deg; 
IS the effective heat transfer coefficient, W/m 2 �9 deg; 
is the channel cross-section circumference, m; 
is the cross-section of channel; 
is the temperature at inner channel surface, ~ 
is the flow velocity, m/sec; 
IS the half-thickness of channel, m; 
is the temperature of mold wall, ~ 
is the time from start  of alloy flowing in channel, sec; 
is the thermal conductivity of mold material, W/re.  deg; 
is the initial mold temperature, ~ 
is the specific heat of mold material, J / kg .  deg; 
is the density of mold, kg/m3; 
is the thermal diffusivity, m2/sec; 
are the coefficients of heat accumulation by mold and alloy, W/secl /2/m 2. deg; 
is the temperature of alloy at inlet, ~ 
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